In this paper, we study the dynamical behavior and quantum metrology in a rotating NV center system which is subject to an external magnetic field. Based on the recently realized rapid rotation of nano-rotor [J. Ahn, et. al., Phys. Rev. Lett. 121, 033603 (2018) and R. Reimann, et. al., Phys. Rev. Lett. 121, 033602 (2018)], the frequency of the rotation is close to that of the intrinsic frequency of the NV center system, we predict the quantum beats phenomenon in the time domain, which can be used to measure the angular velocity of rotation and strength of magnetic field. Furthermore, we also discuss the quantum Fisher information in our system, which is associated with the quantum metrology and precise measurement.
I. INTRODUCTION
The nitrogen vacancy (NV) center in diamond [1, 2] has attracted a lot of attentions both theoretically and experimentally. The potential applications of the NVcenter include sensing biological cells [3] , detecting the magnetic field [4] , electric field [5] , crystal strain [6] , temperature [7] and so on. An NV center in a mechanically rotating diamond has brought the sensing modalities into the rotating frame [8] and it is found that the accumulate Berry phase can serve for the gyroscope [9, 10] . Also, an ensemble of NVs in rotating diamond have been used to explore the magnetic pseudofields generated in the rotating frame [11] .
It is well known that two mechanical vibrations with almost frequency and amplitude can generate a periodic pulsation trend in displacement amplitude, named as beat phenomenon, which is widely used for frequency calibration. The quantum beats have been also predicted and observed in an ensemble of Λ three-level atoms with nearly degenerate excited-states and other quantum systems [12] [13] [14] [15] [16] [17] [18] [19] . Moreover, the quantum beats have been reported to be observed in NV center system, which is subject to a periodical modulation [20] [21] [22] .
In an alternative manner, we study the quantum beats phenomenon in NV center based on the realization of rapid rotation. With the recent experimental feasibility, the angular frequency of a nanomechanical rotor can achieve to the order of MHz [8] or even GHz [23, 24] . For a GHz rotation, its frequency is close to the intrinsic characterized frequency for the triplet ground states of the NV centers, which is induced by the zero splitting of 2.87GHz. Therefore, it is nature that the dynamics in time domain will exhibit a quantum beats phenomenon with the combined performance of the external rotation and intrinsic ground state energy spitting. * wangzh761@nenu.edu.cn
Assisted by the quantum beats, the NV center system in our consideration can behave as a gyro to detect the angular velocity of the rotating. Since a gyro is inevitable to expose in the earth magnetic field, we here study the dynamics of a NV center which is subject to a magnetic field in the order of 10 −2 mT. Our results show that the quantum beats phenomenon emerges with moderate magnetic field strength and it can be served as a gyro and magneto-meter simultaneously, by measuring the frequency of the oscillation in time domain. Moreover, we also discuss the quantum metrology [25, 26] in our system by calculating the quantum Fisher information (QFI) with respective to the angular velocity and the magnetic field from the viewpoint of dynamical evolution. We show that both of them play as a quadratic function of the evolution time.
The rest of the paper is organized as follows. In Sec. II, we introduce the model and formulate the time evolution operator for the rotating NV center system. In Sec. III, we study the dynamics of the system and show that the population will exhibit a quantum beats phenomenon. In Sec. IV, we discuss the the quantum metrology in our system by studying the behavior of QFI to the angular velocity and magnetic field. At last, we draw the conclusion in Sec. V.
II. MODEL AND HAMILTONIAN
We consider a NV-center, which has a triplet ground state denoted by |m = 0 and |m = ±1 , and will be shortened as |0 and | ± 1 in the rest of this paper. To simulate the magnetic field in the environment (for example, the magnetic field of the earth), we consider that the system is subject to a constant magnetic field in the x direction, with the strength in the order of 10 −2 mT. Neglecting the strain-induced splitting, the Hamiltonian of the single NV center is written as (here and after, we 
where D/(2π) = 2.87 GHz is the zero field splitting between the |0 state and | ± 1 states. S x , S y , S z are the conventional Pauli spin-1 operators. g e = 2 is the ground-state Lande factor and µ B /(2π) = 14 MHz/mT is the Bohr magneton, and B is the amplitude of the magnetic field. In the presence of the magnetic field, the three energy levels can be obtained as
where ∆ := √ D 2 + A 2 and A = 2µ B g e B.
In Fig. 1 , we plot the curves of the energy levels as functions of the magnetic field. Governed by the Hamiltonian in Eq.(1), the corresponding free evolution operator is formally expressed as U 1 = exp(−iHt).
Recently, the NV center is becoming one of promising candidate to serve for quantum sensing and quantum metrology due to its long coherence time even in the room temperature and its feasibility in manipulation. Here, we apply the NV center to perform the quantum metrology on the gyroscope, that is, to estimate the angular velocity of the mechanically rotating. Without generality, we consider the system is rotated along the axis which is determined by the angles θ and φ as n = (sin θ sin φ, sin θ cos φ, cos θ). The effect of the mechanical rotating on the ground states of the NV center is described by the unitary evolution operator
with S = (S x , S y , S z ), and Ω is the angular velocity of the mechanical rotation. Combining the free evolution and the effect from induced by the mechanical rotation, the dynamics of the system is described by
where |ψ(0) is the initial state.
III. QUANTUM BEATS ASSISTED BY THE MAGNETIC FIELD
In the above section, we have outlined the dynamical process for a single NV center yielding an external magnetic field and mechanical rotating. It is reported recently that the rotation frequency can be achieved by 1GHz, which is in the same order of the energy-level spacing of our system as shown in Fig. 1 . Therefore, the free evolution governed by the Hamiltonian H and the mechanical rotation will contribute two characterized frequencies to the dynamics of the system, which will naturally induce a quantum beat phenomenon. In this section, we will propose the scheme for performing the quantum metrology by use of the quantum beats phenomenon.
Considering the nowadays experimental feasibility, we prepare the system in the state |0 via the optical pumping technology initially. For the sake of simplicity, we assume that the system is rotated around the magnetic field, that is, the x axis (θ = π/2, φ = 0). The case for an arbitrary rotating axis will be briefly discussed later. In such a situation, the dynamical evolution of the system is expressed by
with
It is obvious that the dynamics of the system is determined by the intrinsic zero field splitting, the external magnetic field as well as the mechanical rotating. The population of the system in state |0 is then obtained as
To investigate the dynamics in a detail way, we here perform the Fourier transformation from the time domain to the frequency domain. It then yields where the amplitudes of the frequency components for ω = 2Ω and ω = ∆ ± 2Ω are
respectively. In Fig. 2 , we plot the curves of amplitudes of different frequency components K 0 and K ±1 as functions of the magnetic field. Based on the results shown in the figure, we can measure the angular velocity of the mechanically rotation and the magnetic field by the following steps. It is intuitively that the angular velocity can be measured by shutting off the magnetic field because there will be only one components with the frequency ω = 2Ω (note that K +1 = K −1 = 0 for B = 0). So that, we can obtain the angular velocity of the rotation by measuring the oscillating frequency of the population P (t). However, in a realistic situation, the external weak magnetic field cannot be avoided (for example, the magnetic field of from the earth), so that we here discuss the situation with non-zero magnetic field. As shown in Fig. 2 , for an appropriate value of the magnetic field strength, we will have |K +1 | ≪ |K 0 | = |K −1 |, so that only two frequency components with ω 1 = 2Ω, and ω 2 = |∆ − 2Ω| (with same strength) can be observed. Measuring these two frequencies and solving the corresponding equations, we can obtain the magnetic field and the angular velocity simultaneously. From the dynamical view, when the angular velocity of the rotating is set as Ω = 10D, which is in the order of 10GHz, we can also observe the quantum beats phenomenon clearly as shown in Fig. 3(a) , where we plot the probability P (t) as a function of the evolution time t. However, for a much more smaller angular velocity Ω = 0.05D, the dynamical behavior is shown in Fig. 3(b) , where we can not observe a quantum beat phenomenon. From the viewpoint of the frequency spectrum, we will obtain that ω 2 ≈ 0.93ω 1 for Ω = 10D, and ω 2 ≈ 12ω 1 for Ω = 0.05D in the magnetic field strength satisfying K 0 = K −1 as shown in Fig. 2 . Since the beats will be formed only for two oscillations with same amplitudes and close frequencies, it is natural that a high speed rotation (in the order of GHz as reported in the recent literature [23, 24] ) is beneficial to the quantum beats phenomenon.
IV. QUANTUM FISHER INFORMATION
In the above section, we have demonstrated how to measure the angular velocity and the magnetic field with the assistance of the quantum beats phenomenon. Motivated by the potential application for sensitive gyroscope and magneto-meter based on our system, we will discuss the accuracy of the parameter estimation by studying the QFI with respective to the angular velocity and the magnetic field.
The QFI is a central quantity in the field of quantum metrology and quantum estimation theory. It is introduced by extending the classical Fisher information to the quantum regime, and can characterize how sensitive of a parameter estimation can be achieved by use of the quantum source in a system. According to the quantum Cramer-Rao inequality, the uncertainty δx in the estimation for the physical parameter x is bounded by δx ≥ 1/ √ νF x , where ν is the times of the independent measurements and F x is the QFI. A larger QFI corresponds to a more accurate estimation to the parameter. For a general quantum state described by the density matrix ρ, with the spectral decomposition ρ = M i=1 p i |ψ i ψ i | (where M denotes the number of nonzero p i ), the QFI is given by [27] [28] [29] [30] 
In this paper, we consider a pure state as the an initial input state, according to the unitary evolution governed by Eq. (6), the final state is also a pure state. As a result, the QFI in Eq. (13) can be further reduced to
Firstly, we investigate the QFI to the angular velocity Ω, motivated by the potential application in quantum gyroscope. Choosing the magnetic field so that K 0 = K −1 , we numerically obtain the QFI to Ω, and demonstrate it by the blue dashed line in Fig. 4 . It behaves as a concussive growth function with the evolution time. Connecting the local maximum points which are represented by the black solid dots, we will obtain the red solid line in Fig. 4 and a data fitting shows that it yields a quadratic form as
Furthermore, for a fixed time t = 10ns, the QFI to Ω is plotted as a function of the magnetic field B in Fig. 5 . It shows that the QFI oscillates as the increase of the magnetic field, and therefore an accurate estimation for the angular velocity can be performed by choose some special magnetic field strength.
In the above discussions, we have restricted ourselves in the situation that the system is rotated around the xaxis, that is the direction of the magnetic field. Actually, we can further obtain the QFI with respective to Ω for an arbitrary rotating axis, which is characterized by θ and φ. However, the analytical results are tedious so we will only give the numerical results here. The distribution of F Ω in the θ − φ plane is illustrated in Fig. 6 , it is shown that the QFI to Ω will reach nearly its maximum values when the rotating axis is x-axis, that is θ = π/2, φ = 0.
Secondly, let us discuss the QFI with respective to the magnetic field, which depicts the efficiency for the system to serve as a magneto-meter. According to the formula in Eq. (14) , the time evolution of the QFI with respective B can be readily given by
Obviously, F B is independent of direction of rotation, so we will consider a simple case that the system rotates along the x axis, that is θ = π/2, φ = 0 and plot the curve of F B as a function of the evolution time t in Fig. 7 , it shows a quadratic function form which can be predicted 
Also, the dependence of F B on the magnetic field is shown in Fig.8 for a fixed time t = 10ns , and it shows that a strong field will leads to a large QFI, that is a more accurate estimation to the strength of the magnetic field.
V. CONCLUSION
In this paper, we have investigated the dynamics and quantum metrology in a NV center system which is subject to a mechanical rotating and external magnetic field. Benefited from the realization of rapid rotation of nano-mechanical rotor, the frequency of the rotation is achieved by GHz, which is in the same order with the intrinsic characteristic frequency of the NV center, and it forms a quantum beats phenomenon. We claim the such beats phenomenon can be used to obtain the information about the angular velocity and the strength of the magnetic field. Furthermore, we also discuss the quantum metrology by calculating the QFI of the system, and it shows a quadratic function versus the evolution time. We hope that our studies will be applicable in designing the next generation quantum gyro and magneto-meter based on solid-spin system.
